The Vlasov formalism is extended to relativistic mean-field hadron models with non-linear terms up to fourth order and applied to the calculation of the crust-core transition density. The effect of the nonlinear ωρ and σρ coupling terms on the crust-core transition density and pressure, and on the macroscopic properties of some families of hadronic stars is investigated. For that purpose, six families of relativistic mean field models are considered. Within each family, the members differ in the symmetry energy behavior. For all the models, the dynamical spinodals are calculated, and the crust-core transition density and pressure, and the neutron star mass-radius relations are obtained. The effect on the star radius of the inclusion of a pasta calculation in the inner crust is discussed. The set of six models that best satisfy terrestrial and observational constraints predicts a radius of 13.6±0.3 km and a crust thickness of 1.36 ± 0.06km for a 1.4 M⊙ star.
I. INTRODUCTION
The dynamical response of nuclear matter in the collisionless, low energy regime is adequately described within the Vlasov equation, a semi-classical approach that takes into account the correct particle statistics. It is a good approximation to the time-dependent Hartree-Fock equation at low energies [1] , and was used to study heavyion collisions at low-intermediate energies [2] [3] [4] [5] . In Refs. [6, 7] , the collective modes in cold and hot nuclear matter described with the Walecka model were successfully calculated within this formalism. An extension of the formalism was carried out including non-linear meson terms in the Lagrangian density [8] [9] [10] [11] or density-dependent meson couplings [12] . It has also been shown to be a good tool to estimate the crust-core transition in cold neutrinofree neutron stars [13, 14] . Similar calculations based on the Skyrme interaction had been developed previously [15] . In Refs. [13, 14] , different calculations of the transition density at several temperatures and isospin asymmetries were compared, and it was found that the dynamical spinodal method predicts a lower limit for the crust-core density, and, that the larger the isospin asymmetry, the closer this value is to the Thomas Fermi estimate. For β-equilibrium matter, i.e., neutron star matter, both results are very similar.
Unified equations of state (EoS), that is, EoS that describe the neutron star, from its outer crust to the inner core within the same nuclear model, are generally not available. Consequently, the complete EoS is frequently built out of three different pieces, one for the outer crust, another for the inner crust, and one for the core, obtained from different models. Recently, it was shown in [16] , that although star properties such as mass and radius do not depend on the outer crust EoS, the choice of the inner crust EoS and the matching of the inner crust EoS to the core EoS may be critical, and variations larger than 0.5 km have been obtained for the radius of a 1.4 M ⊙ star.
For the outer crust, three EoS are used in the literature: the Baym-Pethick-Sutherland (BPS) EoS [17] , the Haensel and Pichon (HP) EoS [18] , or the Rüster et al (RHS) EoS [19] . Essentially, the differences existing among them do not affect the mass-radius curves. This is not anymore true for matter above the neutron drip line. The inner crust of neutron stars may contain exotic geometrical structures termed nuclear pasta [20] at its upper boarder, just before the crust-core transition. Several methods have been used to compute these pasta phases: quantum [21] , semiclassical [22, 23] or classical [24] Molecular Dynamics calculations, 3D Hartree-Fock calculations [25, 26] and Thomas-Fermi (TF) calculations [13, 14, [27] [28] [29] . The authors of [30] attribute to the existence of pasta phases a high impurity parameter corresponding to a large resistivity that causes a very fast magnetic field decay and explains the absence of isolated pulsars with periods above 12 s. In the present study, the complete stellar matter EoS will be constructed by taking (1) a standard EoS for the outer crust, such as BPS, HP or RHS, (2) an adequate inner crust EoS that matches the outer crust EoS at the neutron drip, and the core EoS at the crust-core transition, and (3) the core EoS. After having the complete EoS, star properties such as the mass and radius are determined from the integration of the TOV equations [31, 32] .
Laboratory measurements and first principle calculations put limits on the EoS that describe neutron stars. An example are the microscopic calculations based on nuclear interactions derived from chiral effective field theory [33] , or on realistic two-and three-nucleon interactions, using quantum Monte Carlo (MC) techniques [34] . However, in these approaches there is a reasonable uncertainty associated with the three-body force, meaning that small differences between RMF models and MC results should not be enough to discard those models. Other constraints come from terrestrial experiments, like collective flow data in heavy-ion collisions [35] and the KaoS experiment [36] , or the measurement of saturation density properties and properties of nuclei such as the binding energy and rms radii [37] . Observational constraints also play a fundamental role. In 2010 and 2013, two very massive pulsars, PSR J1614-2230 [38] and PSR J0348+0432 [39] , respectively, both close to M ∼ 2M ⊙ , were observed. An updated determination of the PSR J1614-2230 mass has reduced this value to 1.928±0.017M ⊙ [40] . Radii are still not sufficiently constrained, but ESA missions such as the Advanced Telescope for High-energy Astrophysics (Athena+) [41] and the Theia space mission will allow, amongst other things, to better constraint the M/R relation of neutron stars.
Appropriate nuclear models should satisfy both kinds of constraints, observational and terrestrial. The NL3 [42] parametrization has been fitted to ground-state properties of both stable and unstable nuclei. It is able to predict 2M ⊙ , but has a too large symmetry energy slope, and is too hard at high densities. Other nucleonic EOS that satisfy the 2M ⊙ constraint have been discussed in the literature, see for instance [43] [44] [45] . However, some nucleonic models agree well with the phenomenology at low and intermediate densities, but fail to produce 2 M ⊙ stars because they predict a too soft EoS. Introducing adequate new non-linear terms in the Lagrangian density will change the density dependence of the EoS, so as to correct its behavior either by inducing a softening [46] [47] [48] or hardening [49, 50] of the EoS. Experimental results at intermediate densities are essential to constrain these terms.
The transition pressure plays a very important role in the determination of the fraction of the star moment of inertia contained in the crust [51] . The description of glitches considers that the inner crust is a reservoir of angular momentum, and, in Ref. [51] , the authors have estimated that the observed glitches of Vela would be explained if 1.4% of the total momentum of inertia of the star resides in the crust. More recently, it was shown that crustal entrainement requires, in fact, a larger angular momentum reservoir in the crust [52] , associated to a fraction of the total momentum of inertia larger than the one the crust may contain. Possible solutions to solve this problem include the contribution of the core to the glitch mechanism [53] , or the choice of an appropriate EoS that predicts a sufficiently large pressure at the crust-core transition [54] .
We will analyse the effect of the σρ and ωρ couplings on the crust-core transition density and pressure at zero temperature, starting from three different relativistic mean-field (RMF) models, TM1 [48] , NL3 [42] and Z271 [46, 47] . These three models will be designated head of the families of the models that we are going to construct, by adding the terms σρ or ωρ with different coupling strengths. Thus, in the following work, we are going to consider six different RMF families. While NL3 and TM1 have been fitted to the ground state properties of several nuclei, the symmetry energy slope these models predict at saturation density is too high. Z271 with the NL3 saturation properties has a softer EoS at large densities due to the inclusion of a fourth order term in ω. The first two predict neutron stars with masses above the constraints set by the pulsars J1614-2230 and J0348+0432, while the third fails to satisfy these constraints. However, in Ref. [55] , it has been shown that Z271ωρ5 and Z271ωρ6 were two of the few models that passed a set of 11 terrestrial constraints. We will consider several strengths of the couplings of the σρ and ωρ terms in order to generate a set of models that span the values of the symmetry energy and its slope at saturation as obtained in different experiments [37] . It will be possible to identify existing correlations between the slope L and the density and pressure transitions in a systematic way, since in each family the isoscalar properties are kept fixed and only the isovector properties change. We will then select, among the 6 families, the models that satisfy a set of well accepted saturation properties and constraints from microscopic calculations, and still produce a star with mass larger than 2M ⊙ . Since the Z271 family does not satisfy the last constraint, we will implement the mechanism proposed in [50] , adding an extra non-linear σ function that hardens the EoS above saturation.
One of the objectives of the work is to distinguish the effect of the terms of the form ωρ and σρ when modifying the density dependence of the symmetry energy. We will consider terms of the form f 2 i ρ 2 , with f i = ω or σ, as in Refs. [46, 47] , which will affect the neutron skin thickness of nuclei but do not change some well established properties of nuclei, such as the binding energy and the charge radius. In [56] , where a non-linear σρ term of the form σρ 2 was used, and a refitting of other parameters kept the binding energy and the charge radius unchanged, a non linear behavior of the transition density with L was obtained, in contrast to previous studies [57, 58] . We will also pay a special attention to the effect of these terms on the pressure at the crust-core transition, since this is a quantity that directly shows whether the glitch mechanism could be attributed solely to the crust.
In order to calculate the crust core transition properties, we extend the Vlasov formalism previously used to include all non-linear self-interaction and mixing terms involving the σ, ω and ρ mesons up to fourth order. Taking the six families of models described above we will determine the crust-core transition density and pressure and will discuss possible implications of the different density dependence of the symmetry energy on the properties of neutron stars, especially the effects on the star radius.
In Section II, we present the formalism and derive the dispersion relation within the Vlasov method for the calculation of the dynamical spinodal with the non-linear σ, ω, and ρ mesons coupling terms. In Section III, the formalism is applied to the determination of the crust-core transition, and the construction of a consistent stellar matter EoS, and, finally, in Sec. IV, a few conclusions are drawn.
II. FORMALISM
We use the relativistic non-linear Walecka model (NLWM) in the mean-field approximation, within the Vlasov formalism to study nuclear collective modes of asymmetric nuclear matter and npe matter at zero temperature [6, 7] . We will first review the Lagrangian density of the extended RMF model with all meson terms up to quartic order [59, 60] , and we will next present the Vlasov formalism to study the collective model of nuclear matter.
A. Extended RMF Lagrangian
We consider a system of baryons, with mass M , interacting with and through an isoscalar-scalar field φ, with mass m s , an isoscalar-vector field V µ , with mass m v , and an isovector-vector field b µ , with mass m ρ . When describing npe matter, we also include a system of electrons with mass m e . Protons and electrons interact through the electromagnetic field A µ . The Lagrangian density reads:
where the nucleon Lagrangian reads
and the electron Lagrangian is given by
The isoscalar part is associated with the scalar sigma (σ) field φ, and the vector omega (ω) field V µ , whereas the isospin dependence comes from the isovector-vector rho (ρ) field b i µ (where µ stands for the four dimensional space-time indices and i the three-dimensional isospin direction index). The associated Lagrangians are:
where
We supplement the meson Lagrangian with all the non-linear terms that mix the σ, ω, and ρ mesons up to quartic order [59] [60] [61] [62] ,
An adequate choice of the parameters of the model will allow to build parametrizations compatible with both laboratory measurements and astrophysical observations [61, 62] . The model comprises the following parameters: three coupling constants, g s , g v , and g ρ , of the mesons to the nucleons, the bare nucleon mass, M , the electron mass, m e , the masses of the mesons, the electromagnetic coupling constant, e = 4π/137, the self-interacting coupling constants, κ, λ, and ξ, and the mixing selfinteracting coupling constants, Λ ω , Λ σ , Λ iσ , i = 1, 2, 3. In this Lagrangian density, τ are the Pauli matrices.
B. The Vlasov formalism
In the sequel we use the formalism developed in Refs. [6, 7] , where the collective modes in cold nuclear matter were determined within the Vlasov formalism, based on the Walecka model [63] . In the present section, we extend the Vlasov formalism and include all meson terms up to quartic order. We will use, whenever possible, the notation introduced in [6, 7] .
The time evolution of the distribution functions, f i , is described by the Vlasov equation
where {, } denotes the Poisson brackets. The Vlasov equation expresses the conservation of the number of particles in phase space, and is, therefore, covariant.
The state that minimizes the energy of asymmetric nuclear matter is characterized by the Fermi momenta P F i , i = p, n, P F e = P F p , and is described by the equilibrium distribution function at zero temperature
and by the constant mesonic fields, that obey the following equations 
3,0 are, respectively, the equilibrium scalar density, the nuclear density, and the isospin density.
Collective modes correspond to small oscillations around the equilibrium state. The linearized equations of motion describe these small oscillations and the collective modes are the solutions of those equations. To construct them, let us define:
As in [6] [7] [8] 64] , we express the fluctuations of the distribution functions in terms of the generating functions: such that
The linearized Vlasov equations for δf i ,
are equivalent to the following time-evolution equations:
e . which has only to be satisfied for p = P F i .
The longitudinal modes, with wave vector k and frequency ω, are described by the ansatz
where j = p, n, e, ζ = V, b, A represent the vector-meson fields, and θ is the angle between p and k. The wave vector of the excitation mode, k, is identified with the momentum transferred to the system, that gives rise to the excitation. For the longitudinal modes, we get δV (6) and (7), we get
with
and from the continuity equation for the density currents, we get for the components of the vector fields
The solutions of Eqs. (9)- (14) form a complete set of eigenmodes that may be used to construct a general solution for an arbitrary longitudinal perturbation. Substituting the set of equations (11)- (14) into (9) and (10), we get a set of equations for the unknowns S i ω , which lead to the following matrix equation 
The coefficients f j i read:
Dv , and (19), we get the following dispersion relation:
The density fluctuations are given by
At subsaturation densities, there are unstable modes identified by the sign of the imaginary frequencies. For these modes, the growth rate is given by Γ = −iω. The dynamical spinodal surface is defined by the region in (ρ p , ρ n ) space, for a given wave vector k and temperature T , limited by the surface ω = 0. In the k = 0 MeV limit, the thermodynamic spinodal is obtained, defined by the surface in the (ρ p , ρ n , T ) space for which the curvature matrix of the free energy density is zero, i.e., it has a zero eigenvalue. This relation has been discussed in more detail in Ref. [65] .
III. RESULTS
In the present section, we discuss the effect of the two mixing terms ωρ and σρ on the crust-core transition properties and the importance of using an unified inner crust-core EoS in the determination of the star radius. Starting from the RMF models NL3 [42] , TM1 [66] , and Z271 [46] , we build six families of models, each one having the same isoscalar properties, but varying the isovector properties through the mixed non-linear terms ωρ and σρ, subsection III A. The properties of the models will be compared with present terrestrial and observational constraints and for each family the model(s) that satisfy these constraints will be identified. Next, we calculate the crust-core transition density and pressure for all the models, applying the Vlasov formalism, subsection III B. Taking the two NL3 families, we discuss the matching of the crust to the core to get the stellar matter EoS in subsection III C. For the inner crust, several possibilities will be considered. Finally, we will apply the conclusions of subsection III C to construct the stellar matter EoS for the TM1 and Z271 families in section III D, and we propose a set of procedures to build the stellar matter EoS from the knowledge of the crust-core density transition and the core EoS.
A. Equation of state
From all the terms presented in Eq. (2), we will restrict our discussion to a set of models that have only one of the following two non-linear coupling terms:
to allow the modification of the density-dependence of the symmetry energy, by changing the ρ−meson effective mass [47] , and discuss the star properties for different density dependences of the symmetry energy. The models NL3ωρ, Z271ωρ and Z271σρ were taken from [47] . The others, namely, NL3σρ, TM1ωρ, and TM1σρ, are obtained by varying either the Λ ω or Λ σ coupling constants, and by calculating the new g ρ constants, so that the symmetry energy at ρ = 0.1 fm −3 has the same value as the reference model of the family. Tables I and II show the nuclear matter properties at the saturation density for the models considered: the symmetry energy E sym , the symmetry energy slope L, the symmetry energy curvature K sym , and [67] ). The tables also show the crustcore transition density, ρ t , and pressure, P t , calculated from the Vlasov method, as will be shown in the next subsection, and the neutron matter pressure, P N , calculated at the nuclear saturation density. Finally, the total binding energy per particle, the charge radii, the neutron radii, and the neutron skin thickness, ∆r np , for the 208 Pb nucleus are also given. We observe that the non-linear ωρ and σρ terms do not change the binding energy of the nuclei or the charge radius in more than 1%. Our results agree well with the ones in Refs. [46, 47] . The neutron radius, and therefore, also the neutron skin thickness decrease with decreasing L, for both families. σρ6   FIG. 1 . Neutron matter pressure, PN , as a function of the density, for some of the models considered in this study. The coloured bands are the results from [33] (light grey) and [34] (dark grey).
In Fig. 1 , we show the EoS of pure neutron matter for a set of models from tables I and II, and compare them with the result of microscopic calculations based on nuclear interactions derived from chiral effective field theory (EFT) [33] , or on realistic two-and three-nucleon interactions, using quantum Monte Carlo (MC) techniques [34] . The band width indicates for each density the uncertainties of the calculation coming from the 3N interaction. At saturation density, this uncertainty is of the order of 5 MeV, ∼ 25 − 30%.
In Fig. 2 we plot the deviation of the neutron matter pressure for each model from the microscopic results of Hebeler et al. [33] and Gandolfi et al. [34] data, in units of the pressure uncertainty ∆P of the microscopic calculations at each density, which we designate by σ = ∆P . The light grey bands represent the microscopic calculation uncertainties, meaning that the points inside those bands are within the data limits. The dark grey bands correspond to twice the calculation uncertainties, 2σ. Except for the head of each family and Z271ωρ8, all other models agree well with the results of [33] , and above ρ = 0.05 fm −3 with the MC results [34] . Models TM1, NL3 and Z271 have a too stiff neutron matter EoS. These models do not satisfy several other constraints imposed by experiments, see [55] , in particular, the symmetry energy and/or its slope is too high, as well as the incompressibility. However, including the ωρ or the σρ terms, makes the symmetry energy softer, and we obtain some models that satisfy most of the constraints imposed in [55] . We will not consider the K τ constraint included in [55] because it has a large uncertainty associated to it. The NL3x and Z271x models have an incompressibility at saturation, K, just above the upper limit used in [55, 68] , K = 230 ± 40 MeV, and TM1 only satisfies this constraint within 10%. However, the incompressibility of these models is within the range 250 < K < 315 MeV predicted in [69, 70] . Therefore, we consider that the K constraint is satisfied.
Constraints at suprasaturation densities from heavy ion collisions were also considered in [55] . For reference, in Fig. 3 , we show the symmetric matter pressure as a function of the density for the models considered in this study. This plot also includes a modified Z271 model, which has an extra effective potential that will be discussed later. We compare the different EoS with the experimental results obtained from collective flow data in heavy-ion collisions [35] and from the KaoS experiment [36, 71] . Only Z271 and TM1 satisfy the constraints.
Summarizing the above discussion, models TM1ωρ6, TM1σρ6, and Z271σρ5−6 satisfy the constraints imposed in Ref. [55] , except the one in K τ , the constraints from neutron matter calculations and the ones from Refs. [69, 70] . Models NL3ωρ6 and NL3σρ6 only fail the flow and KaoS experiments.
B. Crust-core transition
In Fig. 4 , the dynamical spinodals for the six families under study are represented. They have been obtained solving the dispersion relation (26) for a zero energy mode, ω = 0, and taking the wave number k = 75 MeV. We have considered this value of k because the extension of the spinodal section is close to the envelope of all spinodal sections. For NL3 and TM1, we have considered, besides the head of the family, the two parametrizations with ωρ or σρ terms that give L = 55 and 68 MeV; for Z271, we take the models with L = 76 and 60 MeV. All the values of L chosen are within the different constraints imposed in [55] for L. Some conclusions may be drawn from the figure: a) the larger L, the smaller the spinodal section, as discussed in previous works with different models [11] ; b) the term ωρ makes the spinodal section larger, except for the very large isospin asymmetries, both very neutron rich or very proton rich.
The crust-core transition density, ρ t , is calculated from the crossing between the spinodal sections and the EoS for β-equilibrium matter. These densities are given in Tables I and II for all models under study, and are represented as a function of L in Fig. 5 , top panel. The crossing between the ωρ and σρ spinodals, for a given L, occurs close to the crossing of the β-equilibrium EoS with the spinodals and, therefore, the transition densities do not differ much, whether taking the ωρ or the σρ term. A difference, however, is seen when the transition pressures, P t , are compared, see Fig. 5 , bottom panel: while for the ωρ terms, the transition pressure decreases monotonically with L, the exception being the lowest L values for the TM1 and NL3 families, the σρ terms gives rise to an increase of P t with L, until L = 70 − 80 MeV, and only above this value, the pressure decreases with an increase of L. For values of L below 80 MeV, P t is generally larger in the models with the ωρ term, and this difference may be as large as 25% for the smaller L shown. This difference has direct implications in the moment of inertia of the crust, which is proportional to P t , I crust ∼ 16π 3
Pt Rs in lowest order [51, 54, 72] , where R t is the crust thickness, and R s is the Schwarzschild radius. Besides the transition pressure, the moment of inertia of the crust also depends on the crust thickness. In the following, we will also see that the σρ terms give rise to smaller crust thicknesses. This implies that smaller crust moments of inertia are expected, if the σρ term is used to modify the symmetry energy.
In Fig. 6 , we compare our results for the crustcore transition density with the ones obtained in Ref. [47], calculated within a relativistic random-phaseapproximation [73] , for the Z271σρ and ωρ models, and for the NL3ωρ family. For the Z271* models, we obtain slightly larger values for ρ t , and this difference increases with increasing L, but even for the largest value of L, the difference is below 5%. For the NL3ωρ models, the behaviour is slightly different: for L < 70 MeV, our results are below the ones of Ref. [47] , and for L > 70 MeV, we get larger values, though the overall difference between them is below 5%.
C. Mass-radius curves for the NL3 families
We calculate the mass-radius curves for the EoS under study, by integrating the Tolmann-Oppenheimer-Volkof equations [31, 32] , for relativistic spherical stars in hydrostatic equilibrium. In Fig. 7 , the curves for the NL3 family are shown. In order to construct the EoS of stellar matter, we take, besides the EoS of the core, the BPS EoS for the outer crust, and several models for the inner crust: a) for models NL3ωρ and σρ, we calculate the [17] for the outer crust and the homogeneous matter EoS for the inner crust and core, bps+hm, (pink lines); the BPS+BBP [74] for the outer crust, and the homogeneous matter EoS for the inner crust and core, bps+bbp+hm, (green lines); and the BPS for the outer crust, the pasta configurations calculated from TF for the inner crust and the homogeneous matter EoS for the core, bps+pasta+hm (black lines); (b) BPS EoS for the outer crust, the pasta calculated from TF for the respective models (black lines), or for the FSU model (pink lines), for the inner crust, and the homogeneous matter EoS for the core. The horizontal bands indicate the mass uncertainties associated to the PSR J0348+0432 [39] and PSR J1614-2230 [40] masses.
FIG. 7. M (R) relations for the NL3 models: (a) BPS EoS
inner crust, within a Thomas-Fermi calculation [75, 76] . These inner crust EoS will also be considered when building the complete stellar matter EoS, within other models with similar properties; b) as an alternative that tests the use of a non-unified EoS, we consider the FSU inner crust EoS [76] , between the neutron drip density and the crustcore transition density, calculated within the dynamical spinodal method, for models with a similar slope L; c) we match directly the core EoS to the outer crust BPS EoS; d) the BPS plus Bethe-Baym-Pethick (BBP) EoS for densities below 0.01 fm −3 is matched directly to the core EoS, as suggested in [74] . Finally, we will estimate the error we introduce in quantities, such as the radius and mass, if the unified inner crust EoS is not used.
In Fig. 8 and in the Appendix, we show the inner crust EoSs that we are using in this paper. Both the FSU, the NL3, and the NL3ωρ6 inner crusts are given in [76] . In the top panel of Fig. 7 , we compare the mass-radius curves for the stellar EoS obtained using the scenarios a) BPS plus an unified inner crust and core EoS (bps+pasta+hm), b) the inner crust EoS is replaced by the homogeneous matter EoS (bps+hm) and c) the BBP EoS is used for the low density inner crust EoS, and a transition to homogeneous matter occurs at ∼ 0.01 fm −3 , below the crust-core transition (bps+bbp+hm). Totally neglecting the inner crust EoS (dashed curves) is a quite rough approximation for all EoS, except for NL3. Although the effect on the maximum mass is negligible, the same is not true for the radius. The families of stars with an unified inner crust-core EoS (solid lines) have larger (smaller) radii than the configurations without inner crust (dashed lines) for the NL3ωρ (NL3σρ) models, see Tables III and IV . Including the BBP EoS between the neutron drip and ρ = 0.01 fm −3 (dotted lines) will generally reduce the differences with respect to the unified EoS, although the improvement depends a lot on the model. Fig. 7 allows a comparison between mass-radius curves obtained with EoS whose density dependence of the symmetry energy is modified by means of a mixing ωρ or σρ term in the Lagrangian density. Within models with the same L, the σρ models give slightly larger radii, the differences being larger for M 1.4M ⊙ . For a 1.4M ⊙ star, we have obtained a difference of ∼ 100 m. These differences reflect themselves in the crust thickness, see Tables  III and IV. The most critical approximation, giving rise to the largest error, occurs when the inner crust is completely neglected. PSR J1614-2230  TM1, L=68, σρ4  ωρ4  L=56, σρ6 ωρ6 Z271, L=65, ωρ7 L=60, ωρ8 L=53, σρ5 L=48, σρ6   FIG. 9 . M (R) relations for the all the TM1 and Z271 models considered: the stellar matter EoS contains the BPS outer crust EoS, the FSU inner crust (thin lines), the NL3ωρ or the σρ (thick lines) pasta phase EoS, and the core homogeneous matter EoS.
D. Stellar matter EoS
Most of the times, the inner crust EoS calculated within the same model is not available. In the previous section, we have tested the implications of not including the inner crust EoS, or only part of it. We now discuss the possible use of a inner crust EoS obtained for a different model. In the bottom panel of Fig. 7 , we plot the mass-radius curves of stars obtained, considering for the inner crust the unified pasta calculation as before, and the inner crust EoS calculated for FSU, a model with the symmetry energy slope L = 60 MeV, not far from the slope L of NL3ωρ4, 6 and NL3σρ4, 6. Except for NL3σρ6, where we obtain a difference of ∼ 50 m (∼ 40 m) for a 1M ⊙ ( 1.4M ⊙ ) star, and for NL3ωρ6, where we obtain ∼ 20 m for a 1M ⊙ star, the error on the determination of the radius is negligible for all masses. This can be better seen in Tables III and IV. The above discussion indicates that the determination of the radii of stars requires that some care is taken when matching the crust EoS to the core EoS. Non-unified EoS may give rise to large uncertainties. It is possible, however, to build an adequate non-unified EoS, if the inner crust EoS is properly chosen. We have shown that taking the inner crust EoS of a model with similar symmetry energy properties, as the ones of the EoS used for the core, allowed the determination of the radii of the family of stars with masses above 1 M ⊙ with an uncertainty below 50 m. The inclusion of the inner crust EoS has definitely a strong effect on the radius of low and intermediate mass neutron stars.
For the TM1 and Z271 families, we do not have an unified EoS for the inner crust. In order to test the above conclusion, we have built the stellar EoS taking for the inner crust, between the neutron drip density and the crust-core transition density, and calculated within the dynamical spinodal method, a) the FSU EoS (thin lines) and b) the EoS obtained for the NL3ωρ (dashed lines) and NL3σρ (solid lines) models, choosing the EoS that has the properties closer to the ones of each one of the models of the TM1 or Z271 familes (thick lines), see Fig. 9 . Table V gives the correspondent maximum mass properties. In some cases, the curves (almost) coincide: this occurs for all models with L > 60 MeV. Considering the two inner crust EoS, small differences occur for models with L < 60 MeV, but the differences for the 1M ⊙ (1.4M ⊙ ) are never larger than 50 (30) m. This procedure to choose the inner crust EoS seems to be a quite robust alternative to the unified inner crust EoS.
Although the SNM and PNM properties of some of the Z271 models are in good agreement with experimental results or microscopic calculations, they predict a too small maximum mass star. This problem can be solved by introducing an extra effective potential, dependent on the σ meson, that hinders the effective nucleon mass to stop decreasing at a density above the saturation density, as suggested in [50] . In Figure 10 , we show, in the top panel, the nucleon effective mass as a function of the density for the Z271 model, with and without the σ cut potential, ∆U f , eq. 10 in Ref. [50] , written as
We have used the parameters β = 1000 and c σ = 0.05 to be able to get maximum masses of, at least, 2 M ⊙ , as shown in the bottom panel (see also Ref. [77] , where they choose different parameters). f 0 and α have the same values as in Ref. [50] , 0.2 and 4.822×10 −4 m 4 N , respectively. The stellar matter EoS were built using the BPS outer crust EoS, the most adequate NL3ωρ or NL3σρ inner crust EoS, and the homogeneous matter core EoS. The potential given in Eq. (29) does not allow constructing a EoS that simultaneously satisfies the 2M ⊙ and the KaoS constrains, see Fig. 3 .
We show in Figure 11 the mass-radius relation for the models that passed almost all constraints we considered: the ones from Ref. [55] , the ones from Refs. [69, 70] , the microscopic neutron matter calculations [33, 34] , and the 2M ⊙ observational constraint [39, 40] . We note that the Z271σρ5 − 6 models fail this last constraint, however using the procedure of Ref. [50] , we are able to get parametrizations Z271σρ5 * −6 * that describe 2M ⊙ stars. Models NL3ωρ6, NL3σρ6 and Z271σρ5 * −6 * fail the flow and KaoS experiments. In Table VI , we show the properties of the 1.4M ⊙ stars obtained with those models, together with the transition density and pressure. The following conclusions can be drawn: a) all models predict a similar transition density and have a similar symmetry Mass-radius relation of the models that passed almost all the constraints we considered. The black dots represent the maximum mass star. energy slope; b) the σρ models predict a lower transition pressure, P t ∼ 0.36 ± 0.04 MeVfm −3 , while for the ωρ models the value is P t ∼ 0.5MeVfm −3 ; c) the radius and crust thickness of the 1.4M ⊙ stars within the models that predict 2M ⊙ stars are in the interval 13.3 R 1.4 13.9 km and 1.3 ∆R 1.4km, respectively.
IV. CONCLUSIONS
In the present work we have generalized the Vlasov formalism developed in previous works [8] [9] [10] [11] with the ω, ρ, σ-meson terms, by including mixed terms, up to TABLE V. Maximum mass properties. For the TM1* and Z271* models, we used for the inner crust FSU, and NL3ωρ and σρ. For TM1 and Z271, we used TM1. The radii, R, are given in km. fourth order. The dispersion relation obtained allows the study of the isoscalar collective modes of nuclear matter, and the instability modes that drive the system at subsaturation densities to a non-homogeneous phase. The dynamical spinodal surface is determined as the locus of the zero frequency isoscalar mode. The knowledge of the dynamical spinodal and the β-equilibrium EoS is used to make a good estimation of the crust-core transition density of a neutron star.
We have applied the formalism developed to study several families of stars that differ by a mixed ωρ or σρ term which was introduced to modify the density dependence of the symmetry energy. We have analysed the dependence of the crust-core transition density, ρ t , and pressure, P t , with the slope L of the model. We have confirmed previous results, in particular, an almost linear anti-correlation between ρ t and L, for both mixed ωρ or σρ terms. However, in a recent publication [56] , it has been shown that a non-linear σρ term of the form σρ 2 , instead of σ 2 ρ 2 , as we have considered in the present work, did not show this linear behavior with L. The behavior of P t is non-monotonic, as discussed in [57, 58] , taking the σρ family. However, if we consider only the ωρ families, an anti-correlation of P t with L is obtained. The largest transition pressures, largest crust thicknesses and smallest radii are obtained within the ωρ families, see also [56] . For the σρ families, P t increases (decreases) with L, for L < 70 (L > 70) MeV.
It was shown how the knowledge of the crust-core transition density enables the construction of the stellar EoS and the determination of the mass-radius curve for the family of stars, within a given model with a small radius uncertainty. For the outer crust, that extends up to the neutron drip density, the BPS EoS is considered. Between the neutron drip density and the crust-core transition density, the inner crust EoS should be taken. We have determined the inner crust EoS within a TF calculation for the ωρ and σρ NL3 family. It was shown that the error introduced in the calculation of the radius of a star with a mass above 1M ⊙ is small, if the inner crust of a model with similar isovector saturation properties is used to describe the inner crust.
Since the Z21 family gives rise to a too soft EoS, a σ dependent term was included in the Lagrangian density, as suggested in [50] . This extra term does not change the model properties at saturation density and below, but hardens the EoS above saturation density, allowing the description of 2 M ⊙ , but, at the same time, not satisfying the KaoS restrictions.
We propose a set of stellar matter EoS that satisfy well accepted saturation properties as well as constraints coming from microscopic neutron matter calculations, and from experimental results. All models predict a similar transition density of the order of 0.08 fm −3 . However, there are differences in the transition pressure. The σρ models predict a lower transition pressure than the ωρ models. For the 1.4M ⊙ stars, these models predict, respectively, a radius of 13.6 ± 0.3 km and a crust thickness of 1.36 ± 0.06km. These values for R 1.4 are above the prediction of [78] but within the prediction of [16] . These crust thicknesses are ∼ 25% smaller than the one obtained in [54] for the NL3max, which is close to our parametrization NL3ωρ5. We have considered the NL3max parametrization and we have obtained, using our formalism, P t = 0.530 MeV/fm 3 and ρ t = 0.081 fm −3 , just slightly below the corresponding quantities in [54] , respectively, 0.550 MeV/fm 3 and 0.0826 fm −3 . However, for the crust thickness, we have obtained ∆R(M = 1.4M ⊙ ) = 1.454 km, that should be compared with ∆R(M = 1.4M ⊙ ) = 1.990 km in [54] . The possible origin of this large difference is the EoS used in [54] for the inner crust EoS, a politropic that matches the BPS EoS at the neutron drip density and the homogeneous EoS at the crust-core transition. As we have shown in the present work, a non adequate choice of the inner crust may introduce large uncertainties in the radius of low mass stars, see also discussion in [16] .
TABLE VII: Equation of state of the inner crust with pasta for the NL3ωρ4, NL3σρ4, and NL3σρ6 models. The energy density, ε, and pressure, P , are in units of fm −4 . The pasta inner crust EoS for FSU and NL3ωρ6 are given in [76] . 
